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ABSTRACT 

We propose a general spinor Ansatz to find supersymmetric configurations preserving 
4-dimensional Poincare invariance in the context of type IIB supergravity in the presence 
of general fiuxes. We show how this removes the imaginary-selfduality (ISD) constraint on 
the 3-form fiux and present a simple example with nonvanishing (0, 3) fiux. To characterize 
the geometrical properties of such configurations we will use the tool of SU(2) structures on 
the internal space, which are naturally linked to the form of the Ansatz we propose. 



1 Introduction 



The analysis of supersymmetric backgrounds in the presence of fluxes has a prominent role 
in addressing various longstanding problems of string theory like moduli stabilization. Vacua 
preserving 4-dimensional Poincare invariance are especially interesting because they can be 
used either in string compactifications or in the context of the gauge/gravity correspondence. 

In this paper we will focus on A/" = 1 solutions of type IIB supergravity and give a 
geometrical characterization of these type of backgrounds for generic configurations of fluxes. 
In order to do so we are going to use the tool of group structures on the internal manifold. 
This powerful method gives a systematic way to translate supersymmetry conditions in 
terms of differential constraints on some structures on the internal manifold, which then 
define the metric and flux. This type of analysis, first introduced in has been very 
fruitful in constructing and classifying new solutions in the context of string theory JHl 
(For reviews on string theory solutions with fluxes see also ^lEj). It has been especially 
emphasized in jjj that the choice of an appropriate spinor Ansatz is strictly related to the 
possible group structure existing on a manifold and may affect the form of the resulting 
solutions. 

Looking for A/" = 1 solutions of type IIB theory, three different types of supersymmetry 
parameters were used. All these assume that there is one globally defined spinor on the inter- 
nal manifold (with its complex conjugate t]^) so that the 10-dimensional supersymmetry 
parameter e reads 



with a and b complex functions, e is the 4-dimensional supersymmetry parameter and r]± 
are normalized to 1. Type A Ansatz was first introduced by Strominger in the context 
of the heterotic theory [12], apphed to type IIB in [T7j and recently also considered in 
nil El 13 en 1201 • Type B, named after [H], was utilized in the type IIB context in ^ 
|26j . Finally, a spinor of the form ()1.3|) was proposed in [27j as a way to construct solutions 
interpolating between A and B types. We name it type C, being the third different type of 
Ansatz used so far, though this should not be confused with the S-dual of type A which is 
named in the same way in j27j . 

Based on the existence of a single globally defined spinor, ()1.H1 - ()1.3|1 imply the existence 
of an SU{3) structure on the internal manifold. This structure is characterized by an almost 
complex structure J and a 3-form Q which are naturally given in terms of ri±: 



Type A 
Type B 
Type C 



e = a e ® ri_ + a* e* ^ rjj^ 

e = ae ^ 1]^ , 

e = a e ® rj_ + h e* ® Tj^ , 






mn 
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The supersymmetry conditions following from ()1.1|) - ()1.3|) using a metric and a 5-form pre- 
serving Poincare symmetry, impose that the allowed supersymmetric 3-form fluxes have to 
be only of type (2, 1) or (1, 2) with respect to the natural complex structure J. For type B 
the requirement is even stronger, because only fluxes which are of type (2, 1) and primitive 
with respect to J are allowed P3 E3| • 

There are however solutions in the literature which hint to the possibility of supersym- 
metric M = 1 solutions of type IIB string theory in which the flux may contain also (3, 0) 
and (0,3) contributions |24[ I28j. For this reason one should consider a more general Ansatz 
for the form of the supersymmetry parameter which could provide these solutions. A general 
Ansatz which gives the desired result is 

Type D: e = as ® r]- + e* ® [hr]^ + cx+) , (1-5) 

where a new spinor x, orthogonal to r/, is introduced. This imposes some strong restriction 
on the possible choice of internal manifold. One is indeed allowed to employ such an Ansatz 
only if the internal manifold has an SU (2) structure and therefore admits two globally defined 
spinors^. Of course, since an SU{2) structure can be embedded in different ways inside an 
SU{?)) structure there is no more the notion of a "natural" complex structure with respect 
to which one defines the Hodge decomposition of forms. There is actually a f/(l)-worth 
of different almost complex structures, which therefore can be parameterized by a phase. 
Anyway, once a choice is made, one can see that it is possible to combine (3, 0) and/or (0, 3) 
fluxes with supersymmetry. Also the statements about the integrability of such a structure 
will depend on the phase choice. 

Let us stress here that although we look for A/" = 1 solutions, the configurations we 
obtain may preserve more supersymmetry. Already in the case of a strict SU (3) structure, 
namely an internal manifold allowing for just one globally defined spinor, supersymmetric 
configurations may preserve M = 2. This happens for instance in the degenerate case of zero 
fluxes, where the group structure is identified with the holonomy of the internal manifold, 
which is then Calabi-Yau. This, of course, is even more true in the case of SU (2) structures. 

It is interesting to notice that, due to the SU{2) structure, the internal manifold will 
always admit an almost product structure which allows us to discuss them as fibrations 
of 2-manifolds on 4-manifolds. In simple cases this structure is even integrable, therefore 
simplifying the analysis and allowing to exhibit solutions in closed form. In this paper we will 
discuss the form of the SU(2) structures allowed by supersymmetry when the type D Ansatz 
()1.5|) is used for the spinor parameter. We will show that the generic internal manifold 

^It should be remembered that although the two spinors are orthogonal they are not independent, but, as 
we will show later, they are related through the SU{2) structure tensors. This also explains why seemingly 
different Ansatze like in [2E] fall instead in our classification. 
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may be non-complex and indeed allows for (3,0) or (0,3) fluxes. As an application we will 
provide a simple solution with (0, 3) flux and holomorphic dilaton. This is a warped product 
of Minkowski space-time with an internal manifold which is an fibration over a K3. 

After this introduction, in section El we will discuss in detail the spinor Ansatz and 
its relation to both SU (3) and SU (2) structures. Then, in section 01 we will perform a 
detailed analysis of the supersymmetry conditions reinterpreting them in terms of the SU(2) 
structures. Finally, we will show how to produce simple solutions with (3, 0) and (0, 3) fluxes 
in section |3] and conclude with some comments in section El We also give an appendix with 
more details on conventions, notations and SU (2) structures in 6 dimensions. 

2 Supersymmetry Ansatz and group structures 
2.1 Preliminaries 

Type IIB supersymmetry transformations IHO] read 

S^PM = - (dm - '-Qm) e + 7^ r^^-^^FM,...M,7Afe - 4 ^MGe* -^G TMe* , (2.1) 
K \ A J 4oU io o 

= -r^'^PMe* - -Ge , (2.2) 
K 4 

where we used the contraction G = Xj'oGuNP^^^^^ ■ Here and in the following we will 
use the conventions of jSOj, where the supersymmetry conditions and covariant equations 
of motion for type IIB supergravity were first derived^. The definition of the dilaton-axion 
curvature Pu = PduB and U{1) connection Qm = /^Im [BduB*) can be related to the 
standard stringy quantities r = C + ie''^ by using B = and p = 1/(1 — |-Bp). The 
3-form field strength G = f (-F3 — BF^), where F3 = dA2, follows from a complex 2-form 
A2 which is related to the usual string NS and RR forms as k,A2 = g [B^s + iB^ui). The 
Bianchi identities for these forms are 

dP = 2iQAP, (2.3) 

dG = iQ AG + G AP, (2.4) 

dF5 = I -GAG, (2.5) 
8 

together with the connection which satisfies dQ = i P AP. All the spinors are complex Weyl 
spinors satisfying T^^x^m = —i'M, T^^A = A and F^^e = — e. 

As said in the introduction, we are looking for solutions which preserve 4-dimensional 
Poincare invariance. This type of solutions can be used for compactifications of type IIB 
^For a discussion and derivation of a covariant action see [21E21- 
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supergravity as well as for the gauge/gravity correspondence. It should indeed be noticed 
that AdS^ can be written as an M foliation of 4-dimensional Minkowski spacetime and 
that the domain-wall solutions describing holographic renormalization group flows are also 
warped products of 4-dimensional Minkowski space with M and some 5-dimensional compact 
space which, together, define a non compact 6-dimensional internal manifold. For the 10- 
dimensional metric we will then take a warped product of 4-dimensional Minkowski space 
and some internal 6-dimensional euclidean manifold [2^] 

ds^ = 1^ T]^, dx^" ® dx" + ^/Z(^)g^n{y) dy"^ ® dy"" . (2.6) 

In order to preserve 4-dimensional Poincare invariance on the full solution we also ask that 
the RR 5-form satisfies 

Fm2Zm = drrMv) ? (2-7) 

as well as the self-duality property = F5. We do not impose any restriction on the 
dilaton or on the 3-form flux. 

Before solving the supersymmetry conditions one needs to further specify an Ansatz for 
the spinor parameter and therefore we will now discuss more in detail how we arrived to the 
(fT3|) Ansatz. 

2.2 Spinor Ansatz 

Since we are looking for solutions preserving 4-dimensional Poincare invariance, we will use 
this property to perform a "4+6" splitting of the supersymmetry spinor as well as of the 
10-dimensional P matrices. For generic = 1 solutions this implies that the 10-dimensional 
supersymmetry parameter gets factorized 

e{x, y) = e{x) ® C\y) + e*{x) ® [C^y))* , (2.8) 

where e is a Weyl spinor on Minkowski space-time and C^, are generic 6-dimensional 
chiral spinors on the internal manifold. 

In order to explicitly solve the supersymmetry equations it is important to establish the 
properties and relations between these spinors. First one should note that due to the chirality 
properties of the 10- and 4-dimensional spinors P^^e(x, y) = — e(x, y), 7^e(x) = e{x) and the 
definition of the 10-dimensional P matrices in terms of the lower dimensional ones (see the 
appendix for more details), should have a definite chirality 7"'^* = — C*- More restrictions 
can then follow by assuming that these 2 spinors are not unrelated, as in ^71 123 
Generically, a globally well defined supersymmetric solution implies that the aforementioned 
spinors are also globally defined and, accordingly, that the structure group of the tangent 
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bundle over the internal manifold is reduced. The group of transformations G required to 
patch the tangent bundle over the manifold is not the generic 5*0(6) group of a Riemannian 
six-manifold, but a subgroup of it, G C 5*0(6). The spinors which are globally defined, those 
which define our supersymmetry parameters, must not transform under G and therefore 
are singlets under the 5*0(6) G decomposition. When C,^ and are chosen parallel, 
or one of the two is vanishing, then the internal manifold displays an 5*[/(3) structure. 
Decomposing 50(6) ~ 5f/(4) SU{3), we see that the spinorial representation admits one 
singlet 4 — » 3 + 1. This implies that an SU{3) structure admits just one globally defined 
complex chiral spinor which is to be identified with the surviving supersymmetry parameter 
Since this latter is globally defined, we can always normalize it to 1, or extract from it the 
normalized spinor, say 1]^. The subscript refers to the 6-dimensional chirality 7^?7± = ±?7±. 
The general form of the supersymmetry parameter for solutions with an internal manifold 
preserving an 5*f/(3) structure is then 

^{x, y) = e{x) ® a{y) r]^{y) + e*{x) O b{y) ri+{y) , (2.9) 

where a,b are complex functions and rj^ = rj^. This includes all the solutions presented in 
the paper and more because we allow for the norms of a and b to be unrelated. For 
a = 6* we recover the type A Ansatz (jl.lj) and for 6 = we recover the B Ansatz ()1.2j) . 
The functions a and b need not be related, though. The 10-dimensional supersymmetry 
parameter is a Weyl spinor, which can be written as the sum of 2 real Majorana-Weyl 
spinors: e = ei + i e2- Having an 5f/(3) structure means that we can write them as 

e^ = ^®/^r/-+£*®/;r/+, (2.10) 

where fi{y) are arbitrary complex functions. This finally implies that a = fi + if 2 and 
b = f* + if 2 which therefore are generically unrelated complex functions too. 

The 5*t/(3) structure can also be described |S3I by an almost complex structure J and a 
globally defined 3-form VL. These are also singlets under the 5*0(6) SU{3) decomposition 
and arise in the product of the fundamental invariant spinors: 

Jmn = -irj-lmnri+^ (2-11) 
^mnp '^-\-^rnnpf]+ • (2.12) 

By using these tensors in the analysis of the supersymmetry conditions, once contracted 
with ri±, one can extract quite easily the conditions 

nAG = = nAG. (2.13) 

This means that having an 5*f/(3) structure on the internal space, which forces the ()2.9|) 
spinor Ansatz, one can only use 3-form fluxes which are of (2, 1) + (1, 2) type with respect 
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to the natural complex structure defined by the covariantly constant spinor t]±. Any (3,0) 
or (0, 3) flux with respect to J defined by ()2.1H) breaks super symmetry. 

A possible wayout is to make a stronger requirement on the structure of the internal 
manifold and ask for an SU (2) structure. The existence of an SU (2) structure on the internal 
manifold implies the possibility of having an additional globally defined spinor x, which may 
be used to modify ()2.9p . There are indeed 2 singlets in the decomposition of the fundamental 
representation of SU{A) under SU (2). Taking again x to be canonically normalized and using 
the same conventions as for rj, we can generically write the 10-dimensional spinor Ansatz as 

eix, y) = eix) [fi{y) ri^y) + ^ (y)x-(y)] + s*ix) [fsiy) ri+{y) + Uiy) x+iv)] , (2-14) 

with fi & C generic functions to be determined. It is useful to notice however that one can 
always simplify the above Ansatz, by removing one of the functions by a field redefinition. 
This is easily proved if one notices that (f)_ = ■'j'^'^p^-^^^'^j has norm one and defines an SU(2) 
structure together with the orthogonal combination = '^^J^^^2_/^f^^2 ■ We remind that for 
the spinor to be well-behaved everywhere on the solution, we also have to require that the 
fi functions are globally defined. 

We have therefore argued that the most general spinor Ansatz for an SU{2) structure is 
the Ansatz D p.5|) given in the introduction: 

e{x,y) = a{y)e{x)0r]_{y) + 6*{x) {b{y) r]+{y) + c{y) x+iv)) ■ (2-15) 

One could think about having even more restricting structures on the tangent bundle, 
of course. The result however would be that the internal space factorizes, often leading 
to solutions preserving more supersymmetries, and we will therefore not consider it further 
here. 



2.3 SU(3) and SU(2) structures 

We have just seen how the existence of different group structures allows for different spinor 
Ansatze which may lead to new supersymmetric solutions. Since in what follows we are 
going to make an extensive use of them, we will give some more details on the introduction 
of a G-structure, for G = SU{3) ot G = SU{2). Some parts of what follows are also covered 

in lanniini. 

In the previous section we have learned how globally defined spinors imply a group 
structure on the tangent bundle of a 6-manifold. Alternatively, one can characterize a G- 
structure by invariant forms, i.e. tensors which are singlets in the decomposition under G. 
For an SU{3) structure one needs a 2-form J and a complex 3-form Q, as defined in 1)2.111) . 
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()2.12|) . which satisfy the compatibihty constraints 

JAQ = 0, J AJ AJ =hQAQ. (2.16) 

An SU (2) structure requires the existence of a triplet of 2-forms J* and a complex 1-form 
w. The 1-form must lie on an orthogonal space with respect to the one spanned by the 
2-forms 

wj/ = (2.17) 
and these latter give the volume of a 4-dimensional subspace 

/ A J^' = 0, for i ^ J, /a/ = 1/0/4. (2.18) 

One can also use the metric to raise one of the indices of the 2-forms and obtain a triplet of 
almost complex structures on the base satisfying 

jiji = _^iikjk ^ (2.19) 

These can also be combined again into a 2-form, a complex 3-form and a complex 1-form. 

As for the SU (3) structures, one can build the SU (2) structure tensors from combinations 
of the invariant spinors. We could provide directly the expression analogous to ()2.11|) and 
()2.12|) . but it is instructive to derive the SU{2) tensors starting from an existing SU{3) 
structure and imposing the existence of some additional independent spinor. In this way it 
will be clear the difference between the previous analyses of the supersymmetry conditions 
and the one presented here. 

With respect to SU (3) structures, the SU{2) ones are characterized by the existence of 
an additional globally defined complex vector w. One can therefore construct them from 
existing SU{?>) structures by introducing new globally defined spinors as 

X+ = \ Wml'^V- , X- = l Wml'^r]+ , (2.20) 

where it is clear that x± = X=f- Assuming that the r]± spinors and the globally defined 
vector w are canonically normalized, i.e. 77^77^ = 1 and WmW^ = —2, one obtains more 
orthogonality relations 

xix± = l, xiv± = 0, (2.21) 

where we also used that w is holomorphic with respect to the almost complex structure 
defined by ()2.11|) Jm^Wn = i Wm- 

Combining the information coming from the definition of the SU{3) structure ()2.1H) . 
()2.12|) . the definition of the SU{2) spinors ()2.20|) and the orthogonality properties ()2.21|) 
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we can then obtain the definitions of all the invariant tensors in terms of the fundamental 
spinors: 

77+7'"X+ = Ul"" , V-lmnri+ = iJmn, 

r]1^mnX- = Kmn, rfi'^rnnX+ = -^mn , (2.22) 

X— 0'rrmX+ ^ ^[m^n] ^ Jmn ; V+'ymnpV+ ^mnp ; 

where we have introduced the combination K = J"^ + iJ^. Moreover, using the identities on 
the 6-dimensional 7 matrices and the spinors rj and x reported in the appendix, it can also 
be checked that J=J^ — ^wAw and Q = K A w. 

In doing so, we have made a choice for the embedding of the SU{2) structure inside 
the SU{'i) one. This was done in a somewhat natural way because we have constructed 
the SU (2) structure starting from an existing SU (3) one. However, it should be clear that 
given 2 globally defined spinors there is no preferred choice for the one describing the S't/(3) 
structure. Let us then estabhsh how the SU (2) structures are embedded into the SU{?>) ones 
generically. Considering always normalized spinors, there is a U{1) degeneracy of possible 
spinors defining the SU{'i) structure starting from the 2 globally defined spinors describing 
the SU{2) one: 

= cos ?7_ + sin x_ . (2.23) 

Using this normalized spinor one can then define the SU (3) structure as given in ()2.1Hl and 
()2.12|) . now with /?_ replacing 

J = (l-2sin2 0) ji-^wAW+^ sin20(i\:-Z), (2.24) 
n = cos"^ (f) K A w + sin^ (f)K A w + i sin 2(j) A w . (2.25) 

It is now clear that the properties of the SU{3) structure depend on the choice of the 
embedding angle. Among these, the integrability of the complex structure. Although this 
will not change the fact that the solution be supersymmetric or not, it may change the 
physical interpretation as there are instances in which there is a natural choice of complex 
structure which specifies (p. In the following we will consider for definiteness = 0, i.e. 
j3- = T]- as done previously. 

3 Analysis of supersymmetry conditions 

In this section we are going to interpret the supersymmetry equations as conditions on the 
intrinsic torsion of the internal manifold. This means that we are going to specify some 
differential constraints on the SU{2) structure tensors defined in ()2.22j) . At the same time 
we will show that there are some constraints on the 3-form fiuxes and dilaton/axion, though 
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they will not be as restrictive as those obtained previously using the Ansatze ()1.1|) - ()1.3|) . For 
this reason, we list here the general expansion of the fluxes in terms of the SU{2) structures, 
so that statements on the single modules can be made more precise. The dilaton/axion can 
be decomposed in 3 pieces 

P = Piw + P2W + 11, (3.1) 
where w jU = 0, for a real 11. The 3-form flux is then 

G = K A w + g2i K Aw + g2i A w + A Vi + w Aw A V2 + 

+ w ATi + w AT2 + gi2K Aw + gi2J^ Aw + go^K Aw , (3.2) 
where the flux components further satisfy 

/ A Ti,2 = , WA Ti,2 = and wj 14,2 = . (3.3) 

We can also combine Vi and V2 so that the primitive and non-primitive parts with respect 
to J are explicit: AVi+w Aw AV2 = ^ J A (Vi + 2i ^2) + | ( + | w A uj) A (Vi - 2i ^2)- 
We also notice that gi2, (721 refer to primitive fluxes with respect to J and ^21, gi2 to non- 
primitive ones. Restriction to ISD fluxes can be made by setting 

g30 = gi2 = g2i = 0, ^2 = 0, {l + tJ)iVi-2tV2) =0 = il-tJ)iVi + 2tV2) . (3.4) 

The supersymmetry equations ()2.1|) . ()2.2|) are not written in this language. In order to 
extract the information we want in terms of SU{2) structure conditions we should perform a 
projection on the full basis of independent spinors and use the relations between the spinor 
bilinears and the SU{2) structure tensors ()2.22|1 . For the case at hand, one should project 
on the full basis given by r/^., ■?7j_7'^ ", up to 3 7 matrices, and the same for the spinors x±- 
Luckily, it is not necessary to consider all these projections, because only a subset of them 
gives independent conditions. As a first fact one can notice that only the projections along 
r]± are necessary due to the relation ()2.20p between r]± and x±- Then, using group theory, 
from the S'f/(4) SU{3) SU{2) decomposition one learns that the only independent 
objects one can build are 'r]± and '-j^ri±. Therefore we will just consider these projections. 

We will start analyzing first the dilatino equation ()2.2j) and then the gravitino equation 
()2.1|1 for the free index in the external space and then in the internal space. The first two 
sets of equations will give us conditions on the fiuxes as well as determine the warp-factor 
and 5-form fiux in terms of the 3-form fiux. Then, from the internal gravitino we will get 
the proper differential constraints on the SU (2) structure. 

Let us start with the analysis of the dilatino equation. Making explicit use of the D 
spinor Ansatz, ()2.2j) reads 

5A = ^ 7"^P„[-£*®(a*r/+)+£®(6*r/_+c*X-)] = 

= -^7-«P[^®(ar7_)-£*®(6r7+ + cx+)]G„„p. (3.5) 
24v Z 
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Simple contractions of this equation with rj^ and 77^7^ give us two constraints on the fluxes 

2bgo3 + icgi2 = 0, (3.6) 
2b*gso-tc*g2i = 0, (3.7) 

and equations which determine the dilaton/axion in terms of the components of the 3-form 
flux as specified in ()3.2|1 

x/Zc*pi = -nagso, (3.8) 

2\/Za* p2 = K {2c g2i + ib gi2) , (3.9) 

a* {l+iJ)U = i^^[b {l + iJ){Vi + 2iV2)+ (3.10) 
4v Z 

- cK{Vi-2tV2)] , 

b* (l-iJ)U + c* KU = '^ia (l-tJ)(Vi + 2iV2) . (3.11) 

From now on, when J, or K are not separated by wedge products from other forms we 
understand the associated structures, i.e. JV = e'^ jJ'Vb- It should be noted from ()3.8j) . 
()3.9j) .using ()3.(i|l . that the (3, 0) and (0, 3) components of the 3-form flux drive a holomorphic 
and anti-holomorphic part of the dilaton, respectively. Moreover, as noted also in [21], the 
appearance of a (0, 3) flux must be accompanied by a non-primitive (1, 2) component. 

As a second step one has to analyze the gravitino equation ()2.1|) . when the free index is 
on the external space M = /i. Using that the 4-dimensional spinor on Minkowski space can 
be chosen to be constant dfj,e{x) = 0, the gravitino equation reads 

5ij^= - — ^y=7"'(9„logZ[7^e® (ar7_) -7^£* ® (6r/+ + CX+)] + 
Sny Z 

+ ^Vz-f'^d^h[j^e®{ar].)+-f^e*^{br]+ + cx+)]+ (3.12) 

where we also made explicit the connection of the warped metric, expressing everything in 
terms of the quantities on the unwarped spaces. 

Again, projecting along 77^ and 77^7™, we obtain further constraints on the fluxes and 
determine the warp factor and 5-form flux in terms of the 3-form flux. We also decompose 
the derivative of the warp factor and the 5-form flux to make explicit the irreducible SU (2) 
modules 

dmhgZ = aWm + O'Wrn + ^m, (3.13) 
dmh = 6Wm + 0Wm + Hm, (3-14) 
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where wjS = wjiJ = and S and H are real. Plugging these expressions into ()3.12|) and 
performing the appropriate projections, not only we get the same flux constraint as ()3.7p . 
but also some equations determining the warp factor and the 5-form flux 

a-AKZe = -^U-g^^-i-h^ , (3.15) 
JZ \ a a I 



a + AnZd = -^go3, (3.16) 
V Zc 



[1 - iJ) [J: - AkZ H] = -i^^-^ (1 - iJ) (Vi + 2iV2) + 

lay Z 

+ ^^^K{V^-2^V2) , (3.17) 
lay Z 

(l + iJ) [S + 4/tZi/] + \k {Y. ^ AkZ R) = 



h 

a*K 

''2b^/Z 



'l + iJ)iVi + 2tV2) . (3.18) 



It should be noted that restriction to ISD fluxes imposes a precise relation between the 
warp-factor and 5-form flux. Indeed, using ()3.4|) . the right hand side of both ()3.15|) and 
()3.17|) vanishes and therefore we get that dlogZ = AnZ dh. This relation, using different 
conventions, was pointed out in [221 • 

The last, and more demanding, step is given by computing the differential constraints 
on the SU{2) structure from the analysis of the variation of the internal gravitino Sipm- 
Since the various structures ()2.22j) are defined in terms of ?7± and x±; in order to obtain 
differential constraints on them we have to extract VmV± ^mX± from 6ipm = 0. This 
can be done by separating the contributions proportional to e{x) from those proportional 
to e*{x) and, in the case of Vx-, by taking appropriate linear combinations of them. The 
resulting expressions are 



+ ^ - G,,r ( + 7^^5^L ) V- + (3.19) 



and 



v^Za ^"^'Vie-e^ ™^32 
——G ( ^ -yPg" + — 



i \ fh* 1 6* 

VmX- = - ( <9mlogc* + -Q^ j X- + ( — <9mloga - — (9„6* - Z— ) + 
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1 K b* 

- o7m" dn log ZX- + -7"7m Z Onh X~ + K — l^lm Z drjl T]. 

8 2 c* 



K b* 
'Z a 



G 



* 16 ■ 6 



(3.20) 



{b*YGpqr-a^G, 



pqr 



c*a 



16 ■ 6 m ^ 32 / ) /- 



We can now compute dw and (iJ*, but from the orthogonality properties of the t] and 
X spinors we can also obtain some differential equations specifying the behaviour of the 
norms a, b and c appearing in in terms of the fluxes. First of all, by recalling that 
d{r]+rjJ) = = d{x+X-) we get differential conditions on the absolute value of the a and c 
functions: 



2d\og \a\ 



—kZ dh — 

'b* 



—j=w i—~g2\ - 2^—^1*2 - 2—^12 - 4—^*3 ) + 



K 



IQ^/Z 
+ c.c.} , 



(J - 3z) {Vi + 2iV2) K {2V2 - 3i Vi) 

a a 



+ 



(3.21) 



2(ilog |c| 



KZdh+ kZ { —K + -K ] dh + 

c* c 



K 



leVz 



-{J + 3i)iVi-2tV2) + —K{2V2 + 3iV^) + 
a c 



+ ^^K{2V2 + 3iVi) 
ac* 



+ 



—7^^ 2— c/o3 + 4— c/12 - 2^—^12 - 4—^21 + c-c. 
4vZ V c* c a* ca* ' 



+ 

Then, from d[x+r]^] = we get an extra equation for the other function 
1 



b b b — 

-db — - dloga* = i-Q -\ — kZ il ~ i J) dh — kZ Kdh + 

c c c 

— ( J + 3i) {Vi + 2i V2) + - ( J + 3i) {Vi - 2i V2) + 
c a 



+ 



16V^ 
62 



^^^(J + 3z) {V,-2^V2) + 

+ -X(21/2 + 3^V^i) + — K(2F2 + 3«Fi) + 

a a* ^ 

K f b ^ a* b^ A 



K _f^b ^ b* . / c* a*\ . . , 

^—9i2 + 4—^21 - M 2— + — U12 + ^21 • 
4vZ V \ a c J a*c 



(3.22) 



(3.23) 
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Let us then turn to the computation of the SU (2) torsion classes. Of course, one could 
express the various components of the intrinsic torsion completely in terms of the 3-form 
flux. However, we prefer to use where possible also the warp-factor, the 5-form flux and the 
spinor norms a, b and c, so as to make the flnal expressions a bit more concise. In some of the 
following formulae we will also make use of the almost complex structure J = — A w 
and of the (3,0)-form Q = K Aw, to make more intuitive the meaning of some of the various 
contributions. 

The exterior derivative on the globally deflned 1-form w is given by 



dw 



-d log a* — d log c (i log Z + 2i kZ Jdh + 2k-Z Kdh H — a w+ 

4 c 2 



(-'Lk(Vi-2iV2)+-K{Vi + 2iV2)+ (3.24) 
\ a c 



8v^ 

2— {Vi - 2i V2) + —K {Vi + 2i V2) + 4z— (1 + iJ)V2 
a* a* a* 



A w . 



Performing a straightforward calculation, one obtains in ()3.24|) other terms proportional to 
the 2-forms J^, K and K. However, by using ()3.fi|l . ()3.7|1 and ()3.1fi|l . ()3.17|) one can show that 
all such terms vanish. For instance, the K term comes multiplied by ic^2i + '^^dso^ which 
is zero using ()3.7|1 . The term proportional to the 2-form K comes multiplied by 2k- Z9* + 



1 / „• 6^ 



^^21 ~ '^ir5'i2 + 2^(712) and this is again vanishing because of ()3.17|) . ()3.18p . There 



4VZ 

is also a contribution proportional to J^. This is 2ZiK9* + ii^=g {JzfS^o iT^'os ~ '^9i2 
which vanishes again using the same equations. Similar simpliflcations can also be applied 
to the w Aw terms to arrive at the flnal form presented above. 

The result in ()3.24|1 imposes already some strong restrictions on the general form of the 
internal space. The group structures determine the metric of the internal space. For an 
SU (2) structure deflned by J* and w the metric can always be written as 

dsl = dsliy) + w^w, (3.25) 

where both dsl and w will generically have legs on all possible directions of the cotangent 
space. However, since from the above result we see that dw is proportional to w itself, we 
can always deflne the coordinate differentials so that 

w = e^(^)rf?/5 + i e^'-y^dye , (3.26) 

for A and B complex functions depending on all the coordinates. The 4-dimensional part dsl 
will still generically depend also on dy^ and dy^. If, however, the almost product structure 
deflned by w and its dual vector as Hj^ = {waw'' + Waw'^ — 6^) is integrable then the 
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6-dimensional metric is further reduced to a block diagonal form 

-.i9mn{y) dy"^ ®dy'^ + w®w . 



dSa — 



(3.27) 



Unfortunately, ()3.24|1 is not enough to show that 11 is integrable, unless further constraints 
are imposed. 

We can now complete the analysis by computing the intrinsic torsion contributions com- 
ing from the exterior differential on the triplet of 2-forms. Although we should really compute 
(iJ*, we will present in the following dJ and dK. It is then obvious how to extract dJ^. We 
just show dJ because it is easier to compute and also because it gives direct information 
on the integrability of the associated almost complex structure J. The expression for its 
exterior differential is 

dJ = -J A (^d\og\a\ + ^d\ogZ - nZdh^ + 

J A (-8 guw- 12 g2iw-9Vi + 5i JVi -2iV2 + 6 JV2) + 



+ 



i \h*_ 



Aiw Aw A{1- iJ) {Vi - 2i V2) - 16 A w - 16c/2i K Aw 



+ i- 



--W Aw AKiVi - mV2) + 8gi2K Aw+ 



AK{2V2 + 5iVi) - JA (16 ^03^ + 24 ^12 w) 



c.c. 



(3.28) 



It is worth noting that although there are in principle non vanishing (3, 0) or (0, 3) compo- 
nents, their coefficient vanish identically using ()3.6|1 . ()3.7|1 . Finally, we can also compute 



dK 



+ 
+ 
+ 



K A 
3k 



—d\og{c*a*) — iQ — -dlogZ 



+ 



'Z 
3/t 



K Aw 



^Z^l^ + —g* + --~gl^ - —g* 
3a*^°^ 6a*^^^ 2c* 



+ 



J Aw 



Z ' e + —gi2 + 7—^21 - 7:— 912 - + 

2a* 4 a* 6 a 3c* 3c* a 

c , 6 , b* a ^ 1 (b*Y 

—^i2-2«— ^21 + ^—^12-77^^12+ 0^—^21 + 
a* a* a 2c* 2 c*a 



+ 



(3.29) 



+ 2iK—Z J A(l-iJ)dh-iK—Z J AKdh + 

c* c* 

-6^(1 - zJ)Fi + 6^(1 - tJ)V, - 4z4(l - zJ)V2 + 8^ (1 - tJ) V,+ 
c* ac* c* a* 



J A 



wVz 

{b*Y b — b* 

4i^^(l - iJ)V2 + 8—KVi -2—K {Vi - 2i V2) 
ac* a* a 
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K 

+ — i=w Aw A 



?>Z^''^Kdh - -—K(Vi + IW2) + "^i—Kiy^ + 2iV2)^ 
4 a 8 a* 



+ (1 - ^J) 0. ^{V, + 2i V,) - ~{V, + 2^ V,) + ^^(^1 - 2^ ^2)) 



wA\—T - ^^T^ + 



+ 



Z \c* ac* 
+ -^—wAT' + ^^—J'a{1+iJ)(Vi + 2zV2). 

Also this expression has been simphfied using the constraints on the fluxes coming from 
the dilatino and external gravitino. Terms of the form J A w, which are present in the 
straightforward calculation, vanish using ()3.23p and ()3.6|) . ()3.7p . 

Having the complete form of the intrinsic torsion for the SU (2) structure, we can make 
some comments on the integrability of the complex structure J. It is known that given 
the SU{3) structure defined by J and fl = K A w, the torsion classes which describe the 
integrability of J are Wi and W2, as can be read from 

dJ = (WiQ-WiQ) +W3 + J AWi , (3.30) 
dn = WiJA J + JAWa + l^A W5. (3.31) 

It is already clear from dJ that Wi = 0, since there is no (0,3) or (3,0) form in ()3.28j) . 
Moreover, dw is always proportional to w and therefore the only obstruction to the integra- 
bility of J can only be given by the (1, 2) contributions coming from dK. By inspection of 
()3.29|) it is easy to see that only its last line contains objects of (1,2) type. From there we 
conclude that 

W2 = (siT^ -wA(l + iJ) (Fl + 2^72)) , (3.32) 

Ay/Z a \ ^ ' ) 

and therefore J is an integrable complex structure only if the following additional constraints 

on the 3-form flux are imposed: 

T^ = 0, (l-2J)(V^i-2iV^2) =0. (3.33) 

It should be noted that these constraints are somehow orthogonal to the ISD requirement 
()3.4p and imply that if such condition is imposed the only primitive flux allowed is g^x- Of 
course, this is just one of the possible almost complex structures described by the SU{2) 
structure. It is anyway possible to show that for any choice of phase in fl2.24j) Wi remains 
zero. For W2 we get an involved expression depending on Ti, T2, Vi and V2, which does not 
seem to vanish for any choice of phase. As noted also by Frey, in the c = limit ()3.32|1 
vanishes, i.e. Wi = W2 = 0, and therefore the complex structure is always integrable. 
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4 Solutions 



In principle, from the expressions we obtained in the previous section for the SU{2) structure, 
one should be able to provide classes of manifolds having the right properties to be super- 
symmetric backgrounds to type JIB supergravity. Unfortunately, as it is clear by inspection 
of ()H.24j] . ()H.28j] and ()H.29j) . although dw and (iJ* give us some interesting information on 
the general properties of the internal manifold, they are not very illuminating on how to 
reproduce them in explicit examples. We leave for the future a more detailed analysis of 
these conditions as well as the presentation of more examples. Here we will anyway provide 
some very simple classes of manifolds which have the right group structures. First, we will 
make contact with the known results obtained for the type A (jl.lj) and type B Ansatz ()1.2j) . 
Then we will provide a new class of supersymmetric configurations which admit also (0, 3) 
flux. 

4.1 Known limits: type B and type A solutions 

In order to make contact with the general solution using the type B Ansatz provided in 
PH] we should set 6 = c = 0. Of course, since in this case there is just one spinor on the 
internal manifold, we cannot discuss anymore constraints on the SU{2) structure but only 
on the SU{3) one. This means that it is not correct to use the form of P and G as in (jH.lll 
and ()3.2|1 . We can however assume that form locally, so that we can check our previous 
conditions. Moreover one should be careful in setting 6 = c = in the differential conditions 
derived from the internal gravitino, since it would not be consistent, but one should rather 
reconsider ()2.1|) in the appropriate conventions. 

From the dilatino and external gravitino conditions one gets that 

(l + iJ)n =P2 = 0, = = = ^21 = (Vl + 2zV^2) , (4.1) 

cr = 4:KZ9, (l-iJ)(S-4/«ZiJ) = 0. (4.2) 

The first condition means that an holomorphic dilaton is allowed, whereas its anti-holomorphic 
part should vanish p(°'^) = 0. It is also evident what mentioned in the introduction that 
such Ansatz does not allow for any (3, 0) or (0, 3) fluxes. Moreover, the 3-form flux is also 
constrained so that the non-primitive (1, 2)np and (2, l)Arp parts are vanishing as well. Due 
to reality of both the warp factor Z and the 5-form flux h, the second equation tells us that 

dlogZ = 4:nZdh, h = ^, (4.3) 

AkZ ^ ' 

which is a mentioned feature of all ISD backgrounds. From the internal gravitino then one 
gets that 

2d\og\a\ = -KZdh, ^ |a| = (4.4) 
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If we now decompose the function in front of the spinor into norm and phase, a = lale*"^", 
and use ()4.4|) . the differential condition on the spinor which is left is 

VmV- = 2 (^5™ - 2(9m0a) V- 5 (4-5) 

which is equivalent to (2.19) of [26j. This now implies the differential constraints on the 
SU (3) structure, which read 

dJ = 0, dn = -inA{Q-2d(j)a)- (4.6) 

For consistency from ()2.1|1 we also obtain that 

G(^'2) = o, (4.7) 

which finally leaves only a (2,1) flux and primitive. Since Q is a U{1) connection, ()4.(j|l 
implies that the internal space is a Kahler manifold with vanishing first Chern class, i.e. a 
Calabi-Yau manifold, but equipped with a metric which is not the usual Ricci-fiat one. If 
we want to use the standard Ricci-fiat metric, we can reabsorb the extra connection in the 
phase 0a, by imposing 

d(l)a = ~Jd\og{l-\B\^) . (4.8) 

This is possible because in (14. (jj) only the anti-holomorphic part of Q appears and this 
latter can be integrated to i/2(91og(l — l-Bp). Once ()4.8|1 is imposed, we obtain the usual 
Calabi-Yau conditions, namely having a Kahler form and a closed holomorphic 3-form 

dJ = dn = 0. (4.9) 

The final result is the known fact that to preserve supersymmetry with the B Ansatz ()1.2|1 
one needs a (2, l)p flux and the internal manifold must be conformally Calabi-Yau. 

It should be noted that by choosing c 7^ and a = one gets an anti-holomorphic 
dilaton, instead of holomorphic, and the flux is (l,2)p. Moreover the signs in ()4.3|) . ()4.4|) 
are reversed. 

For what concerns the type A Ansatz, we will briefly show that we can match the con- 
ditions coming from the analysis of the common sector of all supergravity theories [SI E] • 
For this reason we assume here that the axion is constant, which means that P = ^dcp and 
Q = 0, that the 5-form flux is vanishing, h = 0, and that the only non-vanishing 3-form is 
the NS one, which also means that G = G. In the spinor Ansatz we have to impose that 
c = and b = a*, which means again that we have to be very careful in taking the limit of 
our analysis, since only an SU (3) structure is allowed. 
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The dilatino equation kills immediately the (3, 0) and (0, 3) parts of the flux as expected, 
fi'30 = 9o3 = 0. Then we obtain that the non-primitive (2, 1) + (1, 2) components of G are 
related to the dilaton as g(2,i)]vp+(i,2)jvp ^ 2^ JAJP. From the external ffravitino we obtain 
the link between warp-factor and the same components of the flux, which then translate into 
a relation between dilaton and warp-factor d log Z = dip. Finally, from the internal gravitino 
we obtain a relation between the norm of the spinor and again the (2, 1)np + (1, '^)np parts 
of the flux, d\og \a\ = —■^dcp, and the differential conditions on the group structures 

dJ = JAd(l)-K*G, (4.10) 
dn = -^QAd^. (4.11) 

In ()4.10j) the dual of the 3-form flux can be reconstructed by using the duality properties of 
the various flux components as discussed in the appendix ()A.22|) - ()A.24|) . 

4.2 A simple supersymmetric configuration with (0, 3) flux 

We now work out a simple example of a configuration which preserves A/" = 1 supersymmetry 
and has a non-vanishing (0, 3) component of the 3-form flux. To simplify at most the 
framework in which we work we will assume that 6 = and that the flux is given only by 

a = go^K Aw + guK Aw . (4.12) 

Of course, the Hodge decomposition is done with respect to the complex structure 1)2.111) . 
However, with respect to the general definitions ()2.25j) one sees that the 3-form flux contains 
a non-vanishing (0,3) flux for any phase such that cos0 7^ and in that case it contains 
a non-vanishing (3, 0) part. We will also assume that the 5-form is vanishing, i.e. h = 0. 
From its Bianchi identity ()2.5p we get that 

dF, = t^GAG = -t^ (l^osP - 1^712!') A n = , (4.13) 

and this implies that 

Igosl = Igul ■ (4.14) 

The conditions following from the dilatino equation give 

p^=P2 = 0, (1 +iJ)H = = KH, ^ P(°'^) = 0, andWjP = 0. (4.15) 

This means that the dilaton admits a non-trivial (1, 0) component on the base space, and 
possibly it is holomorphic with respect to the complex coordinates defined by the natural 
complex structure when this latter is integrable. 
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From the external components of the gravitino, one gets (using the fact that dlogZ is 
real) 

(4.16) 



903 



■912 



and i7 = as requires compatibility with our assumptions. Therefore 

2k 



dlog Z 



c c * — 

— 912W + — w 
a a* 



(4.17) 



From the internal gravitino we finally get conditions on the normalizations of the spinors 
defining the SU{2) structure: 

'1 1 c 2^ 
. 4 ~ 2 a 
'I la 
4 ~ 2 c 



2d\og \a\ 



2d\og \ c\ 



d log Z , 
dlogZ. 



(4.18) 
(4.19) 



A possible solution to such conditions is given by choosing a and c real and 

a = c = Z-^l^ . 



The differential conditions defining the torsion classes are then 

1 
2 

0, 



dw 

dJ^ 
dK 



d log Z f\w . 



(4.20) 

(4.21) 
(4.22) 
(4.23) 



iK NQ, 

where we used ()4.19|) and ()4.20|) . and the inherited S'[/(3) structure satisfies dJ = 0, = 
— A {d\og Z + 2iQ). For such examples the product structure 11^ = {wa'w'' + WaW^ — 5^) 
is integrable and Q depends only on the coordinates of the base. The total space is therefore 
a direct product of a Calabi-Yau 2-fold and M?. Finally, we impose the G Bianchi identity 
()2.4j) . A solution, which ensures also the equations of motion at least for constant dilaton, 
is given by 

gi2 = -9l^ = Z~^'^f{y, + iy,) , (4.24) 

where / is an arbitrary holomorphic function depending only on the fiber coordinates. From 
()4.22|1 one can see that the almost complex structure is actually integrable and that therefore 
the axion-dilaton P is holomorphic in the appropriate complex coordinates defined by J. 
For the case of a constant dilaton/axion the solution then reads 

ds?n = Z-^'"^ [dxl - dxl - dxl - dxf) - Z^'"^ ds\^{yi„A) - Z [dyl + dyf) , (4.25) 



'10 

G 
eio 



Z~"^ {^ny)n + f{y)KAw) 
Z-^l^ (e O r7_ + £* (g) x+) • 



(4.26) 
(4.27) 
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Consistency further imposes that 



j f{y)dy + J r{y)dy 



(4.28) 



where y = y^ + iy^. It is worth noting that the warp factor is a function which cannot be 
consistently defined on a torus and this imphes that the form presented above is correct only 
for a non-compact background. This agrees with the fact that without adding sources one 
cannot obtain compact solutions for nontrivial fluxes [SHESj- 



5 Comments 

The conditions on the fluxes and on the SU (2) structures of the internal manifold given here 
followed simply by the analysis of the supersymmetry conditions. The equations of motion 
will further restrict the possible solutions. Under quite general assumptions it has been 
shown in [221 ^^^^ ^^^^ compact backgrounds the allowed 3-form fluxes are of the ISD type. 
So far only solutions with (2, 1) and primitive flux have been given when also supersymmetry 
is required. From the analysis we have presented, though, it should be possible to compactify 
on 6-manifolds also in the presence of (0, 3) and (1, 2) non-primitive fluxes, still preserving 
supersymmetry. 

When the internal manifold is not compact, no further restriction on the Hodge type 
of the 3-form fluxes follows from the equations of motion. Holographic descriptions of 
renormalization group flows are in this class of solutions and indeed, by the analysis of 
|21l ESI EHI , simple perturbations of the AdS^ x 5*^ metric by 3-form fluxes generically turn 
on all possible types of the same flux. The flow presented in jHZl is especially interesting. 
There a conflning Af = 1 gauge theory is obtained by adding a mass perturbation to A/" = 4 
Yang-Mills theory. It was argued that such solution could be described on the dual side 
by a type IIB conflguration which interpolates between a vacuum with only D3 branes and 
one where the D3 branes are polarized into D5/NS5 branes wrapped on a 2-sphere of the 
internal space. The supersymmetry conditions for this flow have been studied up to second 
order in the perturbation parameter (see also |2S1 EEl EZI • Again, the standard A, B or 
C supersymmetry Ansatze are not enough to describe it and it can be argued that it must 
then fall into our description. A detailed analysis of the flow is currently under investigation 
|38j and it shows that the internal manifold presents an SU{2) structure and the solution of 
the supersymmetry equations involves again the D type Ansatz fjl.5|) . 

The possibility of having general types of fluxes compatible with supersymmetry is very 
important in the context of the gauge/gravity correspondence. It has been shown jSnHHIlESI 
that the superpotential of gauge theories dual to IIB strings on Calabi-Yau manifolds in the 
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presence of 3-form fluxes is given by W = j G A Q. From the field theory point of view 
then there is no reason for W to vanish even for supersymmetric solutions. Supersymmetric 
configurations are only specified by diW = 0, where I runs on the moduli of the theory. This 
however cannot happen if the standard solutions of type IIB theory are used, since the flux 
contains only (2, 1) fluxes and therefore W = 0. The framework presented here on the other 
hand allows for non-vanishing (0, 3) fluxes, so that G AQ ^ and therefore we it should be 
employed to obtain dual descriptions of those gauge theories which allow for non-vanishing 
W. 

Recently, in [2H1, Pilch and Warner have discussed a class of "dielectric" J\f = 1 solutions 
of type IIB supergravity which include the dual of the Leigh-Strassler flow. Their approach 
is similar to the one presented here, though they impose from the beginning a definite 
Ansatz for the metric and set to zero the dilaton/axion. Having a purely holomorphic 
2-form potential, it is obvious that it may have non-vanishing (3, 0) components. It is 
therefore interesting to understand how their solution can fit into our discussion. Following 
the explanations given in the introduction, their spinor Ansatz must not be of the A, B, or 
C type and indeed, as they notice, it does not fit in those schemes. It can instead be put in 
the form of the type D Ansatz The projector on the 10-dimensional spinor presented 

in j2H! is 

i (1 + ir°rir2r3r4(cos/3 - e-''^sin/5r^ri°*)) e = e, (5.1) 

where the star denotes complex conjugation and we used their numbering for the F matrices. 
It is a simple exercise to show that satisfies this constraint assuming that a = A{1 + 
cos/5), b = 0, c = Ae~^'^sin(3 and x+ = i'^I^^V+j fo^ ^ so far undetermined function A. It 
can also be shown that their choice of complex structure is not the standard one built from 
rj. We will return elsewhere on the precise embedding of the full solution given in j2HI into 
the torsion conditions provided in this paper as well as on other solutions which fit into our 
scheme |41j . 
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A Useful formulae 

For the 10-dimensional notations and conventions we follow [HDj. This means that the 10- 
dimensional F-matrices satisfy the Clifford algebra {F^^, F^} = 21]^'^^ where rj = diag{-\ — 
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— ...—} and the duality relation is 

where we denote by Ai,. . . Aiq flat 10-dimensional indices. In a concrete representation 
one can choose antisymmetric and imaginary, with the others symmetric and imaginary. 

is then symmetric and real. When performing the reduction on the solution, the 10- 
dimensional r matrices get split as 

r" = 7" ® 1 , r" = 7^ ® 7" , r^^ = 7^ ® 7^ (a.2) 

where we have used the flat indices on Minkowski space-time a = 0, . . . , 3 and on the 6- 
dimensional internal space ds^ a = 1, . . . , 6. We are also assuming that 7''' = ^7°^^^ and then 
the 6-dimensional duality relation is 

Again, in a concrete representation the 6-dimensional 7 matrices are antihermitian (7"*)^ = 
—7"* and purely real (7"*)* = 7"*. 

In the text we have assumed that the globally defined spinors defining the SU{3) and 
SU{2) structures are chiral and satisfy r]'^ — r]^. This happens for instance in a concrete 
representation where 

for ^* = ^ an arbitrary 4-dimensional spinor. It may be useful to have an explicit represen- 
tation of the 7 matrices satisfying all the above properties. One possibility is for instance 
given by 

(A.5) 
(A.6) 
(A.7) 
(A.8) 
(A.9) 
(A.IO) 

Useful rearrangements when computing the conditions deriving from supersymmetry are 

= 1 (1 ± 7^) ± ^ J^„7"^" (1 ± 7') , (A.ll) 



lis 


= 723 


= 754 


= 776 = 


1, 




= 772 


= 736 


= 758 = 


1, 


ih 


= 7l2 


= 7f3 


= 768 = 


1, 




= 728 


= 764 


= 75^ = 


1, 


725 


= 7l3 


= 76^ 


= 778 = 


1, 


7?2 


= 73^8 


= 76^5 


= 7?4 = 


1. 
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V+Vl = -^^mnpl"'''' , V-V^- = ^^fin^npT'""" • (A.12) 

We list here all the useful relations (transpose is understood where needed to build the 
appropriate tensor combination) for the 1-forms: 

77+7"^X+ = w"" , X+7"^^+ = -w"^ , (A.13) 
77_7"^X- = , X-l'^V- = , (A.14) 



2- forms: 

V—'ymnV+ ^Jmn i 
^+7»TiriX— ^ rnn i 
X-lmnX+ = 2W[^W„] - zJmn , 

3- forms: 

V+'ymnpV+ ^mnp ■> 

4- forms: 



V+1mnV- ~ ^'Jmn j (A. 15) 

?7_7„„x+ = , (A. 16) 

X+7mnX- = -2W[mWn] + iJmn , (A.17) 

V—^mnpV— — ^mnp ) (A. 18) 

X+7mnpX+ = -3i^[mntyp] , (A. 19) 

r]+-fmnpX+ = -^UlmnWp] , (A.20) 



'n—^'mnpq'n+ — V+l^mnpqV— — ^JlmnJp]g i (A-21) 

It is also interesting to point out the following duality relations 

^ijk ^abc — 6z ^ijk ; ^ijk ^abc — 6z ^ijk ; (A. 22) 

eahJ^'^^K^^Wp = -6i K^ahWc] , CahJ^'^^K^^Wp = 6i K^ahWc] , (A.23) 

^abc"'"'^Jmn'Wp = -6i J[a6^t;c] , ^abc"'"'^ Jmn^p = 6i J[a6tt'c] • (A. 24) 

These equations show that given a 3-form, the (3, 0) + (1, 2)p + (2, 1)np parts are selfdual 
whereas the (0,3) + (2, l)p + (l,2)Arp are anti-selfdual (Here P stands for primitive with 
respect to J and NP for non-primitive). 

A.l SU(2) structure and Dirac spinors 

A further alternative possibihty to define the SU (2) structure is by means of a single Dirac 
spinor 

C = ^ (ry- + X+) = ^ (l + l^^^"") V- ■ (A.25) 
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This spinor does not have a definite chirahty and (* is independent from (. The structure 
then follows from 



W[mWn] 



J, 



w, 



mn 



mn 



m 



1 



Ct7m(l+7')C, 

^ CWmnC 5 
Clmnl\ , 
-C^lmnl'C ■ 



(A.26) 
(A.27) 
(A.28) 
(A.29) 
(A.30) 



The other combinations vanish if they cannot be obtained by the above ones by complex 
conjugation. 
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